Abstract-The combination of physical-layer network coding (PNC) and multiple-input multiple-output (MIMO) is expected to improve the throughput of two-way relay network. In this paper, we propose a zero-forcing based MIMO two-way relay scheme in conjunction with a simple Max-Min relay antenna selection. This scheme solves the unpractical constraint encountered by many existing MIMO two-way relay schemes for application, which requires the relay to equip fewer antennas than the end node. Our scheme, on the other hand, benefits from the dedicated relay that has more antennas than the end node. A notable diversity advantage is obtained from judicious relay antenna selection. The reliability of the simple ZF based MIMO two-way relay is therefore improved. Of particular note, this paper extends our previous study to 1) support the more general application with non-binary PNC and 2) give a complete analysis on the attained end-to-end diversity with explicit theoretical result under i.i.d. Rayleigh fading channel.
I. INTRODUCTION Physical-layer network coding (PNC) is now attracting increasing attention for its potential to improve spectral efficiency of the half-duplex two-way relay network [1] . On the other hand, multiple-input multiple-output (MIMO) technology has been successfully implemented into many traditional wireless communication systems, showing great advantages over their single-input single-output (SISO) counterparts [2] . It is therefore highly expected that the wedding of PNC and MIMO will bring more benefits to the two-way relay networks. Recently, techniques to combine PNC and MIMO are emerging. These schemes can be roughly divided into two categories, namely the spatial diversity oriented schemes and the spatial multiplexing oriented schemes. Choosing the basic network of three nodes for study, [3] [4] [5] propose to use multiple antennas at the two end nodes or the relay node for spatial diversity advantage. While [6] [7] [8] [9] [10] propose to use multiple antennas at all the three nodes for spatial multiplexing advantage.
In order to further improve spectral efficiency of the PNC based two-way relay network, spatial multiplexing schemes such as [6] [7] [8] [9] [10] are necessary to fully exploit the degree of freedom in MIMO two-way relay channel (MIMO-TWRC). However, all these multiplexing schemes are only applicable when the number of antennas deployed at each end node is no smaller than that of the relay node. This constraint may hinder the applications for many practical scenarios where a dedicated relay node is often deployed with more antennas than the end nodes or users. In [11] , we propose a relay antenna selection scheme to solve this constraint with the special focus on the zero-forcing (ZF) based MIMO two-way relay [6] , [12] for its simplicity. Focusing on the network with two N T −antenna source nodes and one N R -antenna relay node (N R > N T ≥ 2), as shown in Fig. 1 , we demonstrate the advantage of relay antenna selection for the ZF based MIMO two-way relay with PNC. The optimal relay antenna selection not only fulfills ZF's requirement on the number of effective relay antennas but also provides an end-to-end diversity advantage to the whole system. However, [11] is only applicable with binary PNC just like [6] . Besides, the explicit diversity order of the proposed scheme in [11] is not well analyzed, except for some special cases with N T = 2.
In this paper, we extend our previous works and make the following new contributions. Firstly, we extend [11] to support non-binary PNC with high-order modulation, such as M −ary pulse-amplitude modulation (PAM) or quadrature amplitude modulation (QAM). This extension is made possible by introducing a simple power balancing operation which also simplifies the detection and mapping process at the relay node for PNC. Secondly, we propose a practical MaxMin optimization based relay antenna selection scheme with respect to the equivalent channel gains, which is applicable to arbitrary modulation orders. Moreover, we complete the diversity analysis left by [11] and prove that an explicit end-toend diversity of d = N R −N T +1 is achieved by the proposed scheme for arbitrary configuration satisfying N R > N T ≥ 2. Finally, the numerical results are presented to validate the theoretical analysis 1 .
II. SYSTEM DESCRIPTION We consider a separated two-way relay network with two N T −antenna (N T ≥ 2) end nodes (S 1 and S 2 ) and one N Rantenna (N R > N T ) half-duplex relay node (R), as shown in Fig. 1 . The reciprocal channels between link R → S k and S k → R are denoted by an N T × N R channel matrix H k and its conjugate transpose H H k with entries being i.i.d.
as the selected N T × N T channel matrices with regard to φ for link R → S k and link S k → R, respectively. Here, φ is an ordered N T −element index set containing the indexes of the selected antenna at R; H (φ) k is a sub-matrix of H k , consisting of the original column vectors of H k with index from φ. It is also easy to enumerate the Q = C
is considered while extension to M −ary QAM will be discussed later. We assume that both S 1 and S 2 share the same M −ary information symbol set W = {0, 1, . . . , M − 1} and energy normalized M -ary PAM symbol constellation
is a power normalization factor. We also define the mapping
, where w ∈ W and m ∈ M. With the aforementioned notations and assumptions, we proceed to describe the transmission scheme with arbitrary antenna subset φ in the following subsection, which will later enable us to extract the relevant performance metric for optimal relay antenna selection.
The PNC transmission is divided into two phases, namely the multiple access (MA) phase and the broadcasting (BC) phase. We start from the MA phase. To begin with, S k generates the M −ary information vector
T , then the precoding process of the end node S k can be described as
where
is the ZF precoder with a total power conserving factor g tr
is a network power balancing factor with g
, and √ E S is the average symbol power for m k,j . After the precoding process, S k radiates x k through the N T transmit antennas. The superimposed symbols arriving at R are
T is the received signal vector, and n is the noise vector with entries being i.i.d. CN (0, N 0 ). By substituting (1) into (2), the received signal vector is rewritten as
where m + := m 1 + m 2 is the superposition of the two signal vectors from S 1 and S 2 . Equation (3) shows that the ZF precoding decouples the MIMO-TWRC into multiple equivalent SISO-TWRCs in the MA phase, as illustrated in Fig. 1 . Moreover, the network power balancing factor λ
ensures that the equivalent channel gains of different streams in MA phase are same at R. With reference to (3), the detection and mapping for PNC can be carried out in a parallel manner at R while the general non-binary PNC mapping scheme [1] can be implemented in each of the SISO-TWRCs. Based on (3), the received superimposed signal in the j th equivalent SISO-TWRC, as shown in Fig. 2 , is given as
where m +,j := m 1,j + m 2,j is the j th element of m + belonging to the sum-constellation of the two M -
}. Now the job of R is to obtain the network-coded symbol from y j , and it takes two steps. Firstly, R estimates m +,j from the (2M − 1) −ary PAM constellation M + with the traditional detection method [13] aŝ
Then, R employs the PNC mapping,
By collecting the results from the N T streams, the network-
T is obtained.
In the BC phase, R broadcastsm ⊕ back to S 1 and S 2 through the selected antennas in φ, and the received signal at S k is
Since the transmission and detection here are similar as the point-to-point case, we omit the details. Note that, the ZF precoder F (φ) k in the MA phase can be reused as the decoder at S k upon receiving y k for the detection ofm ⊕ . Based on the ZF detection results, S k can estimate the information vector from S 3−k .
Remark: The prposed scheme can be readily implemented with rectangular M −ary QAM. Since the ZF transceivers have transformed the complex MIMO-TWRC channel into multiple paraller scalar SISO-TWRCs, the in-phase signal components can be processed independently of the quadrature components for QAM.
III. RELAY ANTENNA SELECTION
Given the channel H k , k = 1, 2, the goal of relay antenna selection is naturally to minimize the overall average endto-end symbol-error probability (SEP) of the MIMO-TWRC, which is denoted by
E2E,k,j is the instantaneous (with respect to each channel fading realization) end-to-end SEP at S k within its j th equivalent SISO one-way relay channel (OWRC) as shown in Fig. 2 . Based on (6), we can interpret P (φ) E2E as the average end-to-end SEP of 2N T SISO-OWRCs.
A. Performance bounds of the equivalent SISO-OWRC
Let us first denote the SEP in the MA phase and BC phase of the j th equivalent SISO-OWRC as P
BC,k,j . Note that if a detection error happens in only one of the two phases, then an end-to-end error is sure to happen at S k . On the other hand, if detection errors happen in both phases, the end-toend error happens with the probability of P (φ) E2E|M &B,k,j . By summarizing these observations, we can give P
where the last approximation notes the dominating factor of P (φ)
BC,k,j . We will use this approximation in the following part of this paper to ease the analysis. Then a lemma is given firstly to introduce bounds for P (φ) MA as follows.
MA is given as
du is the Gaussian Q function, and
min can be considered as the equivalent channel 2 After the ZF precoding and power banlancing operation, the SEP of different equivalent SISO-OWRC are all the same in the MA phase, i.e., independent with index k, j (cf. (4)). gain in the MA phase as shown in Fig. 2 , finally, ρ := E s /N 0 is the transmit signal to noise ratio (SNR).
Proof:
The upper bound can be obtained with reference to [13] , and the lower bound is developed with the genie-aided detection as used in [14] .
We proceed to analyze P (φ)
BC,k,j . After ZF post-processing, end node S k conducts signal detection with M -ary PAM constellation, therefore the SEP is expressed as [13] 
k,j can be considered as the equivalent channel gain in the BC phase as shown in Fig. 2 , Based on the bounds of P BC,k,j in (9), we can obtain the performance bounds of the equivalent SISO-OWRC as
BC,k,j . Note that the bounds become increasingly tight when M increases.
B. Relay Antenna Selection Criterion
With the bounds derived in (10) for SISO-OWRC, we can give the performance bounds for the whole system by substituting (10) into (6), the result is
Then we can use either the upper bound or lower bound as a performance metric for antenna selection, both will result in the same optimal antenna subset. However, the computation for k,j Q (φ) +,k,j is complicated and difficult to analyze. To this end, we propose another sub-optimal antenna selection criterion based on the observation that, for the multi-streams transmission as studied in this paper, the overall system performance is mainly limited by the weakest stream. The antenna selection criterion is given as
Moreover, by noting that Q
BC,k,j can be interpreted as the sum SEP of two links, we can further simplify the antenna selection criterion (11) as
where the second equation notes the monotonicity of Q function and the third equation uses the following inequality
We see that the Max-Min relay antenna selection criterion (12) is independent with the transmit SNR or specific modulation. It is only determined by the channel-related coefficient α
min , therefore, it is easy to implement. Employing this simple MaxMin relay antenna selection, the ZF based MIMO two-way relay, as described in Section II, achieves a notable end-toend diversity advantage, which will be shown in the following section.
IV. DIVERSITY ANALYSIS

A. Preliminary
After providing the relay antenna selection criterion in (12), we move on to the diversity analysis of the proposed scheme in this section. For analytical convenience, we introduce the exponential equality . = as defined in [16] , e.g.,
log(x) . We define the end-to-end diversity order of the whole system with AS I (12) as
(ρ) is the average overall SEP of the system (averaged over all channel realizations). However, even we have derived the bounds for P
(ρ), the closed-form or approximated expression ofP
(ρ) is not easy to obtain. To circumvent this difficulty, we first propose an equivalent metric to make the analysis more tractable. For this purpose, we give a lemma to link the overall average SEPP
(ρ) with the outage probability of the worst link in BC phase as follows.
Lemma 2.
3 :
. . , N T , and φ * 2−BC is given by the following Max-Min antenna selection criterion,
3 In this section, all proofs for lemmas are omitted for space limitation. Based on Lemma 2, we can redefine the diversity order originally given by (13) as
where x = ρ −1 is used for simplicity. It is noteworthy that, by introducing the equivalent random variable β (φ * 2−BC ) min , the diversity order achieved by (12) for the MIMO-TWRC is equivalent to that achieved by (14) for the two-user MIMO-BC, as illustrated in Fig. 4 (b) .
B. Diversity analysis
For notational simplicity, we introduce the number pair (N R , N T ) to represent the system configuration, e.g., (4, 2) represents that N T = 2 out of N R = 4 antennas are selected at R to facilitate the N T = 2 streams of uncoded bidirectional data exchange. Then we have the following theorem. The proof for the theorem is not so straightforward, some necessary lemmas and notations will be introduced. In general, the proof will be split for upper bound and lower bound, respectively. For the upper bound, the results from the study of the point-to-point MIMO link with transmit antenna selection and ZF receiver, as illustrated in Fig. 4 (b) , are fundamental. Let us just take the R → S 1 link for example, as shown in Fig. 3 (a) , and presere the notations (N R , N T ) for antenna configureation and β
for the equivalent channel gains (cf. Fig. 2) . Then, the following lemma summerizes usefull results for our later proof of the upper bound of d or d 
where β
. . , N T , and the optimal diversity order can be evaluated as
For the lower bound of d * T W RC , some notations will be introduced first. Similar as [17] , we firstly expand the probability
where the
are defined as
The methody used here is similar as [17] , that is, we can obtain the following inequation
which indicates the lower bound for the diversity order d * 2−BC defined in (15) is obtained by
Based on (20), we may derive the lower bound of d * T W RC as follows. We need find a common and tractable upper bound P U for Pr (A i ) , ∀i, then we derive the diversity order based on P U . Similar as [17] , the key step to obtain P U is to show that one can always find N R − N T + 1 jointly independent random variables from the Q = C N R N T random variables involved in A i , ∀i. To achieve this, we need to firstly define the set containing the random variables in A i as S i , i.e.,
for i ∈ {1, 2, . . . , N u }, where u i (q) is a pick from the end node indices {1, 2}, l i (q) is a pick from the relay antenna index from the subset φ q . Then we have the following lemma. 
where (cf. Fig. 3 ), i.e.,
Based on the above equation and [19] , we have
and by substituting (21) into (15), we have
and the last inequality is obtained with Lemma 4 which emphasizes the optimality of φ * P 2P in point-to-point MIMO link. For the lower bound, we learn from Lemma 5 that a subset which consists of N R − N T + 1 jointly independent random variables can always be founded for ∀S i ∈ S. Furthermore, the random variables involved in such subsets are i.i.d. χ 2 (2 (N R − N T + 1)) [15] , [17] . Therefore, we can find the common upper bound for Pr (A i ) as
By replacing the Pr (A i ) in (20) with P U , we can finally get
Based on (22) and (23), we finish the proof
V. SIMULATION AND DISCUSSION
In this section, we provide numerical results to validate the performance of the proposed scheme and the theoretical analysis for end-to-end diversity order. We consider the Rayleigh flat fading channels as assumed in Section II. For notational convenience, we use the number pair (N R , N T ) to represent the system configuration. Moreover, we also include the curves obtained by using cSNR −α , α ∈ N, as references, where SNR := E s /N 0 , and c is a case-dependent coefficient. At the high SNR regime, if the SER curve of one scheme tends to be parallel with cSNR −α , we conclude that a diversity order of α is achieved. Firstly, we compare the diversity order achieved with different antenna selection schemes to show the correctness of some key equivalent relation that we built during the diversity analysis. As shown in Fig. 4 , all the antenna section schemes exhibit the same diversity orders of d = 2 or d = 3 in different scenarios with antenna configuration (4, 3) or (4, 2) and BPSK modulation. In particular, the comparison between MIMO-TWRC with AS I (12) and AS II (14) validates the developing of equivalent random variable in Lemma 2. This equivalent relation bridges the diversity analysis for MIMO-TWRC and 2-user MIMO-BC. Meanwhile, the comparison between MIMO-TWRC with AS II and 2-user MIMO-BC with AS II-S 1 (consider the average SER performance of S 1 only) consolidates the relation in (22), which bridges the diversity analysis for 2-user MIMO-BC and point-to-point MIMO with AS III (16) . Next, we further validate the diversity analysis for the proposed scheme with more antenna configurations and high-order modulations. As shown in Fig. 4 , the proposed schemes with different modulation methods exhibit the same diversity order d = 1 with antenna configuration (2, 2), d = 2 with (4, 3) and d = 3 with (6, 4). Note here the SER for 16QAM is computed by the average SER for the correspondent 4PAM signals on quadrature carriers, therefore, the curves of 4PAM and 16QAM are almost overlapped.
VI. CONCLUSIONS
We have proposed a transmission scheme for the ZF based MIMO two-way relay with an Max-Min relay antenna selection. We theoretically analyzed the end-to-end diversity order achieved by the proposed scheme and obtained the explicit result that d = N R − N T + 1 fold of diversity was achievable for the whole system with arbitrary configuration satisfying N R > N T ≥ 2 . Simulations results also consolidated our theoretical analysis.
